A Carlson-type inequality is proved and it is applied to show a Babenko-Beckner type of the Hausdorff-Young inequality on n-dimensional torus.
Introduction
Fritz Carlson's inequality (1934) states, [4] , that I n1 a n` % p I n1 a n holds for any positive sequence a n I n1 and not all a n are 0. Let a n X f n, for a periodic function f . Then, there can be equality only if f is a multiple of f H , and therefor an exponential function C 0 e bx . This is plainly impossible, [7] .
Note that the sums I n1 a n 2 and I n1 n 2 a n 2 are supposed to be finite. The corresponding integral inequality, [4] , [7] , is 
X
Here there is equality when f x X 1 abx 2 , for any positive aY b. For f P AT and f 0 0, the other expression of Carlson's inequality is
Here kf k AT X mPZ j f mj and AT is the space of continuous functions on T having an absolutely convergent Fourier series. The variety of the constant C in 1 depends on the definitions of T and the Fourier series of f . B. Kjellberg, [11] , and D. Mu« ller, [14] (Lemma 3.1) proved a multidimensional extension of Carlson's inequality of the integral type. By using the idea 1 of Theorem 2.7.6. in [15] , Carlson's inequality can be carried over from R n to T n . Our proof of the multi-dimensional case of 1 (for the case R n see [10] ) is new and more direct. The well-known classical Hausdorff-Young inequality (1912^1923) states that, for any complex-valued function g in the Banach space L p T ,
holds for 1 p 2. Here and throughout the paper, p H is the dual exponent
to be finite. Titchmarsh, [18] , proved 2 for the space L p R in 1924. In fact, 2 is true for locally compact unimodular groups , [13] . The result is due to R.A. Kunze (1957) . Hardy and Littlewood, [8] , showed that 2 is sharp and there is equality if and only if g C 0 e 2%mix for m P Z. For the space L p R n and for the even integer p H , [2] , the improvement is due to K.I. Babenko (1961) and for all p, [3] , it is due to W. Beckner (1975) . That is Russo (1974) , [16] , and J.J.F. Fournier (1977) , [6] , proved 3 for certain classes of locally compact unimodular groups.
The extension of 3 is due to J. Inoue (1992), [9] . For certain classes of nilpotent Lie groups he improved 3 and obtained the constant
Here G X expg and g is Lie algebras with the dual space g. dimG is the dimension of nilpotent Lie groups G and m is the dimension of generic coadjoint orbits of G in g. For the even integer p H , [1] , M.E. Andersson (1994) and for all p, [17] , P.
Sjo« lin (1995) proved a Babenko-Beckner type inequality 3 for functions in the space L p T , with small supports. The purpose of this paper is to prove Carlson's inequality of type 1 on ndimensional torus and applying it to prove a Babenko-Beckner type of the Hausdorff-Young inequality for periodic functions with small supports.
Theorems and Proofs
Let the multi-indices and be vectors in R n with components k and k in N 0 such that is equivalent to k k for all 1 k n. Define m X n k1 m k k for m P Z n and 0 0 X 1. Throughout this paper, jj X n k1 k and X
and define H p X lim a30 H pYa . Here and everywhere in the paper a obeys the restriction 0`a`1 2 and B0Y a is a closed ball of radius a, centered at the origin. Also,
Assume 9x X 1 jxj Proof of Theorem 1. The technique is analogous to the case n 1, due to Hardy, [7] . Let f 0 0 and q H be the dual exponent of q. Define
For t b 0 we also define Now, by 4X1 and 4X2 we obtain fritz carlson's inequality and its application
By Ho« lder's inequality we get
and w nÀ1 is the surface area of the unit sphere in R nÀ1 . Choose t S T , then by using (two times) the classical Hausdorff-Young inequality 2 we get
For the case f 0 T 0 the proof is similar and we know that j f 0j kf k 1 X Note that is the positive integer defined in Theorem 1 and
Theorem 2 (An upper bound for H pYa ). For a fixed n P N, there exists a positive constant C 0 which does not depend on a, such that
Proof of Theorem 2. The technique is analogous to the case n 1, due to Y. Domar, [5] . 
